
Welcome to the Putnam Seminar! Remember to join the HMC Google Group for the Putnam Seminar. This will keep

you informed about the Seminar and the Putnam Exam on Saturday, December 4, 2021. To do this, send an email to:

putnam-l+subscribe@g.hmc.edu

Putnam Practice Problems # 1
Tuesday, September 7, 2021

Pigeonhole Principle

A1: (a) Given n + 1 positive integers, show that there are two whose difference is a multiple of n.

(b) Seven points are placed inside a regular hexagon of side length 1. Show that at least two points
are at most 1 unit apart.

A2: (a) Three integers are chosen at random. Show that some pair of them average to another integer.

(b) Show that for any 5 integer vectors in R2, some pair of them average to another integer vector.

(c) How many integer vectors do you need for the corresponding result in R3?

A3: On a 3-by-7 board, every square is colored red or green. Show that in any such coloring, there
must be rectangle (formed by the lines of the board) whose distinct corner squares are all the same
color). (Larson)

A4: (a) Let ‖x‖ denote the distance from x to the integer closest to it. Show that for any positive
integer m there is some integer 1 ≤ n ≤ m such that ‖n

√
2‖ < 1/m.

(b) Show there are an infinite number of rational numbers p/q such that |
√

2− p/q| < 1/q2.

And for a little bit of variety...

A5: Fun with equilateral triangles: Divide an equilateral triangle into three contiguous regions
of identical shape if

(a) they are all the same size

(b) they are all of different size

(c) two regions are the same size and the third region is of a different size.

(Hess)

Hints:

1a. How many remainders are there when divided by n?

2. When do two integers have an integral average? How many possibilities are there?

3. How many ways can a single column be colored? How many columns are there?

4a. Consider how the fractional parts of n
√
2 for various n fall in [0, 1]. 4b. What if you divide the interval [0, 1] into q pieces?


