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Putnam TNG #4 – Mathematical Games

D1: In Bachet’s game a pile of N chips is diminished by two players who alternately remove a
number of chips, where the number is chosen from a set M . The person who takes the last chip
wins. Determine the values of N for which the first player wins if:

(a) M = {1, 2, 3, · · · k}

(b) M = { Any power of two }

(c) M = {1, 3, 8} (Engel)

D2: (a) Two players play a game in which the first player places a king on an empty 8 × 8
chessboard, and then, starting with the second player, they alternate moving the king (in accord
with the rules of chess) to a square that has not been previously occupied. The player who moves
last wins. Which player has a winning strategy?

(b) Suppose a knight is used instead of a king, which player has a winning strategy now?

(c) Suppose a 5× 5 chessboard is used instead; answer parts (a) and (b) above.
(Engel)

D3: Alice and Bob face two boxes, one with P pennies in it and one with Q pennies. Taking
turns, with Alice going first, they throw away the pennies from one box and split the contents of
the other between the two boxes in anyway they choose, as long as they leave at least one penny
in each box. A player must make a legal move, if possible, and the first player who cannot make
a legal move loses. Assuming optimal strategy on the part of both players, who wins? (Austen)

D4: An integer n, unknown to you, has been randomly chosen in the interval [1, 2002] with
uniform probability. Your objective is to select n in an odd number of guesses. After each
incorrect guess, you are informed whether n is higher or lower, and you must guess an integer on
your next turn among the numbers that are still feasibly correct. Show that you have a strategy
so that the chance of winning is greater than 2/3. (Putnam, 2002)



D5: Consider a polyhedron with at least five faces such that exactly three edges emerge from
each of its vertices. Two players play the following game:

Each player, in turn, signs his or her name on a previously unsigned face. The
winner is the player who first succeeds in signing three faces that share a common
vertex.

Show that the player who signs first will always win by playing as well as possible.

Editorial Note: You may assume the polyhedron is convex. (Putnam, 2002)

D6: Consider the following game played with a deck of 2n cards numbered from 1 to 2n. The
deck is randomly shuffled and n cards are dealt to each of two players. Beginning with A, the
players take turns discarding one of their remaining cards and announcing its number. The game
ends as soon as the sum of the numbers on the discarded cards is divisible by 2n + 1. The last
person to discard wins the game. Assuming optimal strategy by both A and B, what is the
probability that A wins? (Putnam, 1993)

D7: A game starts with four heaps of beans, containing 3,4,5 and 6 beans. The two players move
alternately. A move consists of taking either

a) one bean from a heap, provided at least two beans are left behind in that heap, or

b) a complete heap of two or three beans.

The player who takes the last heap wins. To win the game, do you want to move first or second?
Give a winning strategy. (Putnam, 1995)

D8: Players 1, 2, 3, . . . , n are seated around a table, and each has a single penny. Player 1 passes
a penny to player 2, who then passes two pennies to player 3. Player 3 then passes one penny to
Player 4, who passes two pennies to Player 5, and so on, players alternately passing one penny
or two to the next player who still has some pennies. A player who runs out of pennies drops out
of the game and leaves the table. Find an infinite set of numbers n for which some player ends
up with all n pennies. (Putnam, 1997)


